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Abstrat
A alulation of the entropy of stati, eletrially harged, blak holes with spherial, toroidal,
and hyperboli ompat and oriented horizons, in D spaetime dimensions, is performed. These
blak holes live in an anti-de Sitter spaetime, i.e., a spaetime with negative osmologial onstant.
To nd the entropy, the approah developed by Solodukhin is followed. The method onsists in
a redenition of the variables in the metri, by onsidering the radial oordinate as a salar eld.
Then one performs a 2 + (D − 2) dimensional redution, where the (D − 2) dimensions are in
the angular oordinates, obtaining a 2-dimensional eetive salar eld theory. This theory is a
onformal theory in an innitesimally small viinity of the horizon. The orresponding onformal
symmetry will then have onserved harges, assoiated with its innitesimal onformal generators,
whih will generate a lassial Poisson algebra of the Virasoro type. Shifting the harges and
replaing Poisson brakets by ommutators, one reovers the usual form of the Virasoro algebra,
obtaining thus the level zero onserved harge eigenvalue L0, and a nonzero entral harge c. The
entropy is then obtained via the Cardy formula.
PACS numbers: 04.70.Dy, 11.25.Hf, 04.60.-m, 04.50.+h
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I. INTRODUCTION
The Bekenstein-Hawking formula for the entropy S of a Shwarzshild blak hole [1, 2℄,
given by
S =
A
4G
(
kB c
3
~
)
, (1)
being diretly proportional to the 2-dimensional horizon area A and inversely proportional
to the onstant of gravitation G, assigns to the blak hole a gravito-geometri entropy. This
entropy, together with the orresponding Hawking temperature T = ~ c3/(8 π kBGM) [2℄,
where M is the blak hole's mass, has brought the blak hole into the frame of thermo-
dynamis (see, e.g. [3℄). Thermodynamis is a phenomenologial theory, whih ignores in
general the fundamental onstituents, or degrees of freedom, of the objet in onsideration.
On the other hand, statistial mehanis, together with the orresponding degrees of free-
dom, provides a muh more fundamental way of understanding the phenomena. Thus, to
have a better understanding of the degrees of freedom that give rise to this gravito-geometri
entropy one should resort to statistial mehanis. Now, lassially a blak hole is hara-
terized by its mass M , harge Q, and angular momentum J , less than a handful of degrees
of freedom. This haraterizes the no-hair of blak holes, i.e., the non existene of lassial
degrees of freedom. So where should one look for hairs? The dependene of the blak hole
entropy on ~
−1
in Eq. (1), suggests that the hairs, or the degrees of freedom, are essentially
quantum mehanial. But what are they, and where are they loated?
These are problems that so far have no denite answers. The blak hole entropy ould
ome from mirosopi matter degrees of freedom indued by the quantum atmosphere of
the matter elds generated by the Hawking radiation, in whih ase the degrees of freedom
should be loated in the horizon neighborhood, as has been advoated by several authors
(see, e.g., [4℄ for a review). On the other hand, sine the whole phenomenon is gravitational
in nature, one an be led naturally to advoate the very existene of gravitational degrees
of freedom that give rise to the gravito-geometri entropy S, given in Eq. (1). This idea
was rst raised by Bekenstein who speulated early that the degrees of freedom should be
related to the quantization of the blak hole area, emphasizing thus that they are in the
gravitational eld [5℄.
Theories that advoate to be quantum theories of gravity, suh as string theory, loop
quantum gravity, and indued gravity, have provided important alulations that give the
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entropy as in Eq. (1). However, neither of the two questions raised above have a onrete
answer. For instane, string theory, with its attahed D-brane tehnology, has been su-
essful in dealing with extreme blak hole horizons, but not with non-extreme horizons or
osmologial horizons (suh as de Sitter). Moreover, the elebrated Strominger and Vafa
D-brane alulation [6℄ is done in a regime for whih the blak hole is, in pratial terms, a
point like objet from a distane, and not in a regime for whih there is a blak hole with a
lear horizon, leaving one blind to the loation of mirostates.
Thus, in order to try to understand the nature of the degrees of freedom one has to resort
to other ideas, alternative to methods whih try to nd the entropy of a blak hole from
a fundamental theory. Following Bekenstein early idea [5℄, Bekenstein and Mukhanov [7℄
developed a heuristi sheme, where to eah horizon Plank area one attahes a spin like
degree of freedom, whih provides a way to ompute the number of aessible states, and
thus the entropy, of a blak hole.
This idea, that the degrees of freedom are on the horizon, has been put into a pre-
ise mathematial formulation with the works of Carlip [8, 9, 10, 11, 12, 13℄, whih were
developed and applied further by several authors, not only for general relativisti blak
holes [14, 15, 16, 17, 18, 19, 20℄, but also for Lovelok and other theories with blak holes
[21, 22, 23℄, as well as in osmologial models with horizons (see, e.g, [24℄). Essentially,
Carlip's suggestion is that the hair omes from the symmetries of the horizon. Now, the
event horizon is not a true surfae, and moreover one needs to know the global spaetime
solution in order to trae its path. Therefore, the event horizon is not a andidate to extrat
information about the loal miro degrees of freedom. On the other hand, the apparent
horizon has a loal meaning and thus an be used as the boundary surfae where to impose
boundary onditions and searh for symmetries. The idea is that loal quantum eets, man-
ifested through Hawking radiation, break the dieomorphism invariane of the spaetime
and give sense to the presribed boundary onditions in the viinity of the apparent horizon.
For instane, imposing the onditions that the anonial generators are dierentiable at the
boundary horizon gives rise to a 2-dimensional onformal eld theory with a non-vanishing
entral harge c. This, together with the level zero onserved harge eigenvalue, L0, of the
onformal theory gives, through Cardy formula [25℄, whih applies to 2-dimensional onfor-
mal eld theories in general, the entropy of the blak hole. One one hand, this idea has
arisen from the problem of universality, whih is to explain why all types of approahes
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mentioned above agree with the semilassial omputation [26℄. A possible answer is the
one advaned above, that the result for the blak hole entropy is ontrolled by a symme-
try on the horizon inherited from the lassial theory, whih turns out to be a onformal
symmetry hiding many underlying spei degrees of freedom [8, 9, 10, 11, 12℄. On the
other hand, Carlip's method has its physial basis on an observation by Strominger [27℄,
that by applying the Cardy formula [25℄ to the asymptoti symmetry group at innity of
the three-dimensional BTZ blak hole spaetime [29℄, one reovers the Bekenstein-Hawking
expression. This followed the early result of Brown and Henneaux [28℄, who showed that the
asymptoti symmetry group at innity of the three-dimensional anti-de Sitter spaetime is
the onformal group in two dimensions with a non-vanishing entral harge, and their ad-
ditional remark that any quantum theory of suh a type of spaetime should take this into
aount. The three-dimensional BTZ blak hole [29℄ belongs to that lass of spaetimes, i.e.,
3-dimensional spaetimes asymptotially anti-de Sitter. However, this alulation is heavily
dependent upon the (2+1) dimensionality of the spaetime, (see [30℄ for an analysis along
the same lines in (1+1) dimensions), and it loates the states responsible for the entropy
at innity, giving only an upper bound for the entropy of anti-de Sitter spaetime in three
dimensions (whih, in this ase, it is just as good, sine the maximum of entropy in a region
arises by inserting a blak hole in it). The need to push these states onto the horizon resulted
in the developments by Carlip [8, 9, 10, 11, 12℄.
While putting the degrees of freedom on the horizon unequivoally, and in this way
advaning that in order to understand the blak hole entropy only the near horizon geometry
of the blak hole is relevant, Carlip's approah has not answered what those degrees of
freedom are. Now, lassially, blak hole horizons are (D−2)-dimensional surfaes. Quantum
mehanially they an utuate, so it is plausible to expet that these utuations an be
desribed by eetive eld theories inhabiting the two dimensions transverse to the horizon,
essentially the time and the radial dimensions. This idea has been put forward by Solodukhin
[31℄, who suggested that a possible andidate for the horizon states, in spherial symmetri
blak holes, is indeed the set of degrees of freedom of spherially symmetri utuations
of the (D − 2)-dimensional horizon sphere. More preisely, the statistial origin of blak
hole entropy is in the set of states of a 2-dimensional onformal eld theory desribing
the utuations of the (D − 2)-dimensional surfae. Thus, while Carlip suggests that the
hair is in the symmetries of the horizon, Solodukhin realizes it on radial utuations of the
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horizon. Solodukhin redued then the problem of D-dimensional blak holes to an eetive
2-dimensional theory with xed boundary ondition on the horizon. This theory, being
onformal, admits then a hiral Virasoro algebra on the horizon, whose entral harge c,
and level zero operator eigenvalue L0, yield diretly, again through Cardy formula, the blak
hole entropy. This near horizon onformal eld theory approah by Solodukhin [31℄ has been
rened in [32℄, and extended to osmologial horizons like the de Sitter horizon [33℄, as well
as to blak hole horizons in the Lovelok theory [34℄. Similar ideas have been developed in
[35, 36℄.
Now, Solodukhin's method relies on some partiular assumptions, one of them being
spherial symmetry, and all the blak holes studied up to now have spherial horizons. It
is then worth understanding whether the topology of the horizon makes any dierene to
this method. We investigate whether it works for blak holes whose horizons have topologies
other than spherial, suh as in eletrially harged blak holes in asymptotially loally anti-
de Sitter spaetimes in whih the (D−2) horizon sphere (i.e, a ompat and orientable (D−2)
surfae of onstant positive urvature) is replaed by a at (D−2) torus (i.e, a ompat and
orientable (D−2) surfae of zero urvature), or by a hyperboli ompat (D−2) surfae (i.e, a
ompat and orientable (D−2) surfae of onstant negative urvature). In D = 4 spaetime
dimensions, the horizon an then be the usual 2-dimensional sphere (i.e., a Riemann surfae
with genus genus = 0), or a 2-dimensional at torus (i.e., a Riemann surfae with genus
genus = 1) [37, 38℄, or a 2-dimensional hyperboli torus, (i.e, a Riemann surfae with genus
genus ≥ 2) [39, 40, 41℄. These 4-dimensional blak hole solutions with ompat orientable
horizons have been generalized to D dimensions in [42℄ (see [43℄ for further referenes). More
speially, in this artile we widen Solodukhin's method to inlude a generi set of stati,
eletrially harged blak holes, with negative osmologial onstant, and with horizons with
spherial, at-toroidal, and hyperboli-ompat surfae topologies. This generi set of blak
holes with dierent topologies is introdued in Se. II, where the orresponding metris,
entropies, and temperatures are given. Note that, although the spherial ase has been
treated by Solodukhin [31℄, we inlude it here beause the three topologies an be treated
in a unied way. We then proeed in Se. III to a dimensional redution, performing rst a
2+(D−2) splitting, and then integrating in the (D−2) angular oordinates, obtaining nally
an eetive 2-dimensional theory on the horizon with the orresponding eld equation and
onstraints. In Se. IV, we show that there is onformal invariane on the horizon. Moreover,
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there exists an innite number of onserved harges on the horizon, whih provide a Virasoro
algebra with non-vanishing entral harge. This analysis applies to all dimensions and the
three topologies. Using the Cardy formula we reover the Bekenstein-Hawking entropy. In
Se. V we state the onlusions and nal remarks.
II. THE BLACK HOLES
A. The ation, and the metri and eletri eld
The eletrially harged anti-de Sitter blak holes we are going to study are solutions of
the Einstein-Maxwell ation in D−dimensions, (we now put ~ = 1, c = 1, and kB = 1),
I =
∫
dDx
√−gL (2)
with g being the determinant of the metri gµν , and the Lagrangian L being omposed of
the gravitational part and the eletromagneti part, and given by
L = 1
16πG
(R− 2Λ)− 1
4
FαβF
αβ , (3)
where G is the D-dimensional Newton onstant, R is the Rii salar onstruted from the
Riemann tensor Rαβγδ, Λ is the osmologial onstant, Fαβ is the Maxwell tensor, and greek
indies run the entire spaetime oordinates α = 0, . . . , D − 1. Upon variation, the ation
(2)-(3) gives the Einstein equation
Rαβ − 1
2
Rgαβ + Λgαβ = 8πGTαβ (4)
where Rαβ is the Rii tensor and Tαβ =
1
4pi
(
Fαγ F
γ
β − 14 gαβ Fγδ F γδ
)
is the eletromagneti
energy-momentum tensor, and the Maxwell equation
∇α F αβ = 0 . (5)
From Eq. (4) one an nd a three-family of stati, eletrially harged blak hole solutions
with negative osmologial onstant, with a parameter k, whose possible values are k =
1, 0,−1. These three values orrespond to blak holes with spherial, at-toroidal, and
hyperboli-toroidal topologies, respetively [37, 38, 39, 40, 41, 42, 43℄. The horizons of these
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blak holes are onsidered to be ompat and orientable surfaes. The gravitational eld of
these blak holes is desribed by the metri
ds2 = −f(r) dt2 + f(r)−1 dr2 + r2 (dΩkD−2)2 , (6)
where
f(r) = k − Λ
3
r2 − 2GM
rD−3
+
GQ2
r2(D−3)
, (7)
with D ≥ 4, and M and Q are proportional to the ADM mass and eletri harge, re-
spetively. For instane, in the spherial ase and for zero osmologial onstant one has
M = 8pim
(D−2) Σ 1
D−2
and Q2 = q2
(
8pi
(D−2) (D−3)
)
, where m and q are the ADM mass and eletri
harge, respetively, and Σ 1D−2 is the area of the (D − 2) unit sphere [44℄. For a generi
dimension, and for generi types of blak hole topologies, there is no losed expression for
the ADM mass and eletri harge, but for the matters we want to disuss here there is no
need for suh an expression. The angular part of (6) is given for eah type of horizon, k = 1,
k = 0, and k = −1, by
(
dΩ 1D−2
)2
= dθ21 + sin
2 θ1dθ
2
2 + . . .+
D−3∏
i=1
sin2 θi dθ
2
D−2 ,
(
dΩ 0D−2
)2
= dθ21 + dθ
2
2 + . . .+ dθ
2
D−2 ,(
dΩ−1D−2
)2
= dθ21 + sinh
2 θ1dθ
2
2 + . . .+ sinh
2 θ1
D−3∏
i=2
sin2 θi dθ
2
D−2 , (8)
respetively. In the spherial ase, k = 1, one an take the range of oordinates as the
usual one 0 ≤ θ1 < π, 0 ≤ θi < 2 π for i ≥ 2. In the at-torus ase, k = 0, the range
is arbitrary, though nite for a ompat surfae, and we an hoose 0 ≤ θi < 2 π. In the
hyperboli-ompat surfae ase, k = −1, the situation is in general more involved. For
instane, in D = 4 spaetime dimensions, the horizon is a 2-dimensional hyperboli torus,
i.e, a Riemann surfae with genus genus ≥ 2. In D = 5 spaetime dimensions, the horizon
is a 3-dimensional ompat manifold M3 of onstant negative urvature. In this ase, the
3-manifold M3 an be seen as a quotient spae, M3 = M˜3/Γ, where the universal overing
M˜3 is the hyperboli 3-surfae, and Γ is a disrete subgroup of the isometry group of M3
[42℄. The range of oordinates in this ase depends on Γ.
The eletri eld of these solutions is radial and is given by
Fab = F ǫab (9)
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where F is given by
F = −1
2
√
(D − 3)(D − 2)
2 π
Q
rD−2
, (10)
and ǫab is the antisymmetri tensor, with a, b running through 0, 1, i.e., through the temporal
t and radial r oordinates, respetively. We will split the greek indies α, β, γ, ... into two
series of indies, the rst denoted by lower ase latin a, b, c, ... = 0, 1 for the temporal t
and radial r oordinates, respetively, and the seond by upper ase latin A,B,C, ... =
2, ..., (D − 1) for the orresponding angular oordinates.
B. The entropy
The entropies assoiated with eah topology all follow the area law. Indeed, aording
to [45, 46℄, one has for blak holes with bifurating horizons, suh as those of (6)-(7), the
following expression,
S = −2π
∮
Ω
dD−2y
√−h Y αβγδ ǫˆαβ ǫˆγδ , (11)
with,
Y αβγδ ≡ ∂L
∂Rαβγδ
. (12)
Ω is the (D−2)-dimensional horizon surfae spanned by the oordinates yA, A = 2, ..., (D−
1). Here dD−2y
√−h is the indued measure of integration, where h is the determinant of
the indued metri hAB alulated on the horizon, with hAB being the metri in the (D−2)-
dimensional spaetime, suh that hAB dy
A dyB = r2
(
dΩkD−2
)2
, and we have split the greek
indies α, β, γ, ... into two series of indies, the rst denoted by lower ase latin a, b, c, ... = 0, 1
for the temporal t and radial r oordinates, respetively, and the seond by upper ase latin
A,B,C, ... = 2, ..., (D−1) for the orresponding angular oordinates. L omes from Eq. (3).
In addition, R = Rαβγδg
αγgβδ = Rαβγδ
1
2
(gαγgβδ− gβγgαδ), where the symmetries of the Rie-
mann tensor Rαβγδ = R[αβ][γδ] and Rαβγδ = Rγδαβ were onsidered ([ ] denoting antisymetriza-
tion), and ǫˆαβ is the binormal to the bifurate Killing horizon, normalized as ǫˆαβ ǫˆ
αβ = −2.
Now, following the denition (12), one has Y αβγδ = 1
16piG
(
1
2
(gαγgβδ − gβγgαδ)). Af-
ter rearrangements we get S = 1
4G
∫
Ω
dD−2y
√−h. Thus ∫
Ω
dD−2y
√−h = AD−2, where
AD−2 = Σ
k
D−2 r
(D−2)
h is the area of the (D− 2)-dimensional horizon surfae, Σ kD−2 being the
area of the orresponding unit surfae, with k = 1, 0,−1. The radius rh is the horizon radius
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determined by the equality f(rh) = 0. Thus,
S =
AD−2
4G
, (13)
in line with, e.g., the results in [40℄ found through other methods for four dimensions. The
entropy depends only on the Einstein term of the ation, whih has the same form for all of
these solutions. In four dimensions, D = 4, and for spherial symmetry, (13) redues to the
Bekenstein-Hawking formula (1).
C. The temperature
Another important thermodynami quantity for the blak holes is the Hawking tempera-
ture T , the temperature at whih the blak holes emit blak body radiation, whih for these
blak holes is given by
T =
1
4 π
[
2 (D − 3)GM
rD−2h
− 2 (D − 3)GQ
2
r2D−5h
− 2Λ rh
3
]
. (14)
This redues to the Hawking temperature T = 1/(8 πGM) for the 4-dimensional
Shwarzshild blak hole.
III. DIMENSIONAL REDUCTION AND EFFECTIVE 2-DIMENSIONAL CON-
FORMAL FIELD THEORY ON THE HORIZON
A. Preliminaries and motivation
Now, suppose we are dealing with a spaetime ontaining a blak hole, whih still pre-
serving the original spherial, toroidal, or hyperboli symmetry, has a time dependene.
This dependene ould ome from quantum vauum utuations. Then a general lass of
D−dimensional metris an be written as
ds2 = dσ2 + dΣ2 , (15)
where
dσ2 = γab(x) dx
adxb , (16)
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with γab(x) being a metri in a 2-dimensional spaetime with oordinates x, and where x
stands olletively for the time and spatial oordinates x = (x0, x1), or, when onvenient,
for the null oordinates x = (x+, x−), where x+ = x0 + x1, and x− = x0 − x1, and
dΣ2 = hAB(x, y) dy
A dyB ≡ r2(x) (dΩkD−2)2 , (17)
with hAB being the metri in the (D−2)−dimensional spaetime spanned by the oordinates
y. The funtion r(x) in Eq. (17) is the radial funtion, a type of dilaton funtion, in general
dependent on the oordinates x. Note that the metris (6)-(8), being time independent,
are a speial ase of this lass of metris. Indeed, the 2-dimensional part of the metris
(6)-(8) an be represented by the 2-dimensional metri dσ2 = γab(x) dx
adxb, appearing in
Eqs. (15)-(16), as
dσ2 = −f(x1) (dx0)2 + (dx
1)
2
f(x1)
, (18)
with the funtion f(x1) vanishing at x1 = x1h, where x
1
h is the horizon oordinate. In lightone
oordinates, one has dσ2 = f (x+, x−) dx
+dx−. For non-extremal blak holes, one an write
the funtion f near the horizon as,
f(x1) =
4 π
βh
(x1 − x1h) +O
(
(x1 − x1h)2
)
, (19)
where βh = 1/(kB T ) is the inverse temperature parameter, with T given in Eq. (14).
Now, the event horizon of a blak hole is not a true surfae, but the apparent horizon
H has a loal meaning and thus an be used as the boundary surfae where to impose
asymptoti boundary onditions. The apparent horizon H for metris (15)-(17) is dened
as the surfae r(x) = constant whose outward normals are null, i.e.,
γab (∇a r) (∇b r)
∣∣
H
= 0 , (20)
where ∇ is the ovariant derivative with respet to γab. This is a ondition on the dilaton
funtion r(x). Note that ondition (20) does not hange under onformal transformations
of the 2-dimensional metri γab, i.e., transformations of the type γab → e2ρ γab. This led
Solodukhin [31℄ to onsider ondition (20) as saying that the dynamis of the utuating
metri is solely in the radial-dilaton funtion r(x), while γab represents a lass of onformal,
but otherwise xed, metris. It was further shown by Carlip [32℄ that the ondition γab
non-dynamial is onsistent throughout. Interesting enough, Giaomini and Pinamonti
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[35, 36℄ have imposed otherwise, that γab is dynamial and the radial-dilaton funtion is
non-dynamial, having found an eetive, non-Lagrangian, theory whih an be used to
extrat the horizon properties.
Further arguments, whih also apply to the spaetimes we are studying, led Solodukhin
[31℄ to onlude that the generators lξ ≡ ξa ∂a of dieomorphisms whih preserve ondition
(20), and thus preserve the horizonH, are onformal Killing vetors, satisfying the onformal
Killing equation ∇aξb + ∇bξa = 12γab∇cξc, generating thus the innite dimensional group
of onformal transformations on the horizon. Now, in general, the horizon H has several
omponents, for instane, for the stati blak holes mentioned in Se. II, the horizon is
omposed of a future omponent Hf , dened in null oordinates by x− = 0 and x+ > 0, and
a past omponent Hp, dened by x+ = 0 and x− < 0. In the stati ase these omponents
interset. We will be interested in the future horizon Hf . In this ase, the future generators
of Hf are given by lξ = ξ+(x+) ∂+. In turn, its Fourier omponents ln = ei n x+ ∂+ form a
opy of the Virasoro algebra, i.e., of [ln, lm] = i (m−n) ln+m, with respet to the Lie braket
[ξ1, ξ2] = (ξ1 ξ
′
2 − ξ2 ξ′1) [31℄.
These arguments show unequivoally that the horizon has some onformal struture built
in it, and leads one to seek an eetive eld theory near the horizon of a blak hole. Solo-
dukhin [31℄ worked out in detail the ase of spherially symmetri general relativity and
showed that treating the horizon as a boundary leads to a theory, that is indeed a onfor-
mal theory possessing the Virasoro algebra of the generators of the horizon, plus a entral
extension, with a entral harge whih is a ruial term for nding the entropy of the blak
hole. We will work out in detail blak holes with toroidal and hyperboli topology in general
relativity (inluding for ompleteness the spherial ase rst treated by Solodukhin [31℄) and
show that all the dierent topologies yield a onformal eld theory at the horizon whose
extended Virasoro algebra possesses also a entral term.
B. Dimensional redution and eetive 2-dimensional onformal theory
In order to nd an eetive 2-dimensional eld theory, we now apply dimensional redu-
tion to the ation (2) using the 2+(D−2) splitting used in Eq. (15) for the metris (6)-(8).
Sine we have agreed that the dynamial eld is the radial oordinate r, this will be kept
in the ation. Then, one rst dimensionally redues the gravitational part of the ation (2)
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to a 2-dimensional spaetime represented by (16). In addition, one also has to redue the
eletromagneti part of the ation. Dimensionally reduing the ation (2) gives then
I = −Σ
k
D−2
16πG
∫
d2x
√−γ [rD−2R + (D − 3)(D − 2)rD−4 (∇r)2+
k(D − 3)(D − 2)rD−4 − 2Λ rD−2 + 8 πGF 2rD−2] , (21)
where R is now the salar urvature in two dimensions, γab is the 2-dimensional metri, Λ is
still the osmologial onstant, Σ kD−2 is the area of the orresponding unitary surfae, a fator
that omes from the integration of the angular oordinates, and F is given in Equation (10).
For the spherial ase, k = 1, one gets Σ 1D−2 = 2π
D−1
2 /Γ
(
D−1
2
)
. For the at-torus ase,
k = 0, hoosing the range of angular oordinates between 0 and 2 π, gives Σ 0D−2 = (2π)
D−2
.
For the hyperboli-ompat surfae ase, k = −1, the situation is more ompliated. For
a 2-dimensional ompat hyperboli horizon (in the spaetime with D = 4), one has, by
the Gauss-Bonnet theorem, Σ−12 = 4 π (genus − 1), where genus is the genus of the Riemann
surfae, with genus ≥ 2. For higher horizon dimensions, the area of the unitary ompat
surfae depends on the isometry group one onsiders ating on the hyperboli spae [42℄.
Now redene the oordinate r as the following dilaton eld φ,
φ =
1
2 q
(
D − 2
D − 3
)
C
1
2
(
r2
rh
)D−2
2
, (22)
where q is a onstant to be determined later, and C =
Σ k
D−2
2piG
(
D−3
D−2
)
, and perform a onformal
transformation of the 2-dimensional metri γab, into a metri γ¯ab,
γab =
(
φh
φ
)D−3
D−2
e
1
q2(D−3D−2)
φ
φh
γ¯ab , (23)
where φh =
1
2q
C
1
2
(
D−2
D−3
)
(rh)
D−2
2
is the lassial value of the eld on the horizon. Then the
ation (21) beomes a Liouville type ation,
I = −
∫
d2x
√−γ¯
[
1
2
(∇¯φ)2 + 1
2
q2
(
D − 3
D − 2
)
φh φR¯ + U(φ)
]
, (24)
where ∇¯ is the derivative assoiated with the new metri γ¯ab, R¯ is the
salar urvature assoiated with γ¯, derived from the original salar R through
R¯ = Ω−2
[
R − 2(D − 1)γab∇a∇b(lnΩ)− (D − 2)(D − 1)γab(∇a ln Ω)(∇b ln Ω)
]
, with Ω =
12
(
φ
φh
) D−3
2 (D−2)
exp
(
− φ
2 q2(D−3D−2)φh
)
(f., e. g., [3℄), and where the potential U(φ) is given by
U(φ) =
(
φh
φ
)(D−3D−2)
e
φ
q2(D−3D−2)φh
[
k
2
(D − 2)2C 2D−2
(
D − 3
D − 2
)2
q2φhφ
+q2
(
D − 3
D − 2
)
φh φ (4 πGF
2 − Λ)
]
, (25)
Exept for the metri γ¯ab, in the subsequent expressions the bar in the several other quantities
will be dropped for simpliity of notation.
The ation (24) provides an eetive theory for the dilaton eld φ, whih in turn represents
the osillations of the radial oordinate near the horizon. To nd the equations of these
osillation one has to vary the ation (24). Its variation with respet to the dilaton eld
gives the following equation of motion for φ itself,
φ =
1
2
q2
(
D − 3
D − 2
)
φhR + U
′(φ) , (26)
where  is the d'Alembertian  = ∂a ∂
a
. The variation of the ation (24) with respet to
the metri γ¯ab gives δ I =
1
2
∫
d2xT ab δγ¯ab = 0, i.e.,
Tab ≡ 1
2
∂aφ∂bφ− 1
4
γ¯ab(∇φ)2 + 1
2
q2
(
D − 3
D − 2
)
φh(γ¯abφ−∇a∇b φ)
−1
2
γ¯abU(φ) = 0 , (27)
where we have used that the Einstein tensor Gab = Rab − 12 γ¯abR is identially zero in two
dimensions. This equation is a onstraint equation.
So, now one has a 2-dimensional theory, with onstraints, for a salar eld φ, strikingly
resembling bosoni string theory [47℄. However, there is a snag; as it is, this theory is not
onformally invariant everywhere. Indeed, the trae of Tab, T
a
a = γ¯
abTab, is given by
T aa =
1
2
q2
(
D − 3
D − 2
)
φhφ− U(φ) , (28)
and is not equal to zero in general. Now, under onformal transformations, γ¯ab → γ¯ab(x) +
λ(x)γ¯ab(x), one has δγ¯ab = λ(x)γ¯ab(x), and so the ation varies as δ I =
1
2
∫
d2xλ(x) T aa .
Thus, one sees that the vanishing of the trae of the energy-momentum tensor is a neessary
ondition for invariane of the ation under onformal transformations. This means that the
2-dimensional theory for the salar φ is not, in general, a onformal theory. Interestingly
enough, it beomes onformal in an innitesimally small viinity of the horizon.
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To see this, hoose, lose to the horizon, the following oordinate z
z =
∫ x1 dx
f(x)
=
βh
4 π
ln(x1 − x1h) , (29)
where f(x) is given by Eq. (19). Note that this asymptoti region, lose to the horizon, is
a region of negative high values of z, z → −∞. The metri funtion f(x) given in Eq. (19)
beomes,
f(z) = f0 e
4pi
βh
z
, (30)
where f0 is some onstant. Thus f(z) vanishes exponentially fast at the horizon. We an see
that after this transformation the metri has gone from γ¯ab to a metri of the form f(z) ηab,
where ηab is the Minkowski metri in two dimensions. We also put x
0 = t, so that the 2-
dimensional plane is now dened by the oordinates (t, z). Then, Eq. (26) is, in oordinates
(t, z), given by
−∂2t φ+ ∂2zφ =
1
2
(
D − 3
D − 2
)
q2φhRf(z) + f(z)U
′(φ) . (31)
At the horizon, for large negative values of z, the right hand side of Eq. (31) vanishes
exponentially fast. It then beomes, at z → −∞,
∂2t φ− ∂2zφ = 0 , (32)
a simple d'Alembert wave equation. Of ourse, this equation is onformally invariant, sine
if we hoose null oordinates z+ = t+ z and z− = t− z one obtains
∂− ∂+ φ = 0 , (33)
and the hange to oordinates z+
′
= f(z+) and z−
′
= f(z−), whih is a onformal transfor-
mation in two dimensions, yields the same wave equation (33) for the salar eld. Moreover,
using Eq. (30) when z → −∞, and Eq. (32), one nds that T+− = T−+ = 0, and thus the
trae of Tab in oordinates (z
+, z−), for large negative z, now obeys
T−+ + T+− = 0 , (34)
i.e., it vanishes on-shell, onrming that the eld φ is now desribed by a onformal eld
theory in an arbitrary small viinity of the horizon [31℄. Note that the onformal eld theory
is lassial, sine the trae T aa , given in (34), vanishes only when the equations of motion
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for φ are obeyed. Note also that on the horizon the eld φ is only a funtion, either of the
oordinate z+, or of z−. Sine we are interested in the future branh of the horizon Hf (see
Se. IIIA), we take φ to be a funtion of z+. This will make the onformal eld theory a
hiral theory.
IV. CONFORMAL ENTROPY
We are now ready to nd the entropy, via onformal means, of these three lasses of blak
holes, spherial, toroidal, and hyperboli blak holes.
The onservation law for the energy-momentum tensor, ∂aT
ab = 0, in null oordinates is
∂−T++ + ∂+T−+ = 0. As T−+ = 0, this onservation law reads
∂−T++ = 0 . (35)
Interhanging − ↔ + one also nds, ∂+T−− = 0. Classially, inoming motion from the
horizon is forbidden, so one should use only the omponent T++ of the stress tensor as
the physial harge. The orresponding harge generates the onformal transformations.
That is, if one has a funtion of z+, e.g., g(z+), Eq. (35) implies that g T++ is onserved,
∂−(g T++) = 0. Then, the harge Qg =
∫
dz g(z+) T++ is onserved, and there is an innite
set of them as well, for there is an innite number of funtions g. This happens only in two
dimensions. The resemblane with bosoni string theory is now omplete.
The funtion g(z+) an be identied with ξ+(z+), g(z+) ≡ ξ+(z+), where ξ+(z+) is the
non-zero omponent of the generators of the onformal transformation lξ = ξ
+∂+ whih
preserve the horizon ondition (20), (see subsetion (IIIA)). Now, sine we are interested
in onserved quantities, these have the same value for any t, so we an alulate them at
t = 0, where the generators are only funtions of z, i.e, ξ+ ∂+ = ξ(z) ∂z, where we have
also simplied the notation putting ξ+ = ξ. Thus the onserved harge assoiated with the
innitesimal onformal generators on the horizon ξ ∂z is then
Qξ =
∫
ξ(z) T++ , (36)
where T++ is evaluated at an innitesimal viinity of the horizon, also at t = 0, suh that
T++ = T++(z), and an be found from Eq. (27), near the horizon. Sine the Poisson algebra
of theses harges, {Qξ1 , Qξ2}, is an expression of fundamental properties of the orresponding
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eld theory, in this ase a onformal one, one hopes that from this one obtains fundamental
properties of the horizon. In order to obtain this algebra, note that from the ation (24)
one nds that the momentum π onjugate to the eld φ is π = δL/δ(∂tφ) = ∂tφ, where L is
the Lagrangian assoiated to the ation. Sine the Poisson algebra for the two fundamental
elds φ and π is dened as
{φ(z, t), π(z′, t)} =
∫
dy
(
δφ(z, t)
δφ(y, t)
δ∂tφ(z
′, t)
δ∂tφ(y, t)
− δφ(z, t)
δ∂tφ(y, t)
δ∂tφ(z
′, t)
δφ(y, t)
)
= δ(z − z′) , (37)
one nds,
{Qξ1 , Qξ2} = Q[ξ1,ξ2] +
(
q2φh
4
)2 ∫
C[ξ1, ξ2]dz , (38)
where [ξ1, ξ2] = ξ1ξ
′
2− ξ2ξ′1, as before, with ′ ≡ ∂z, and C[ξ1, ξ2] ≡ (ξ′1+β−1h ξ1)(ξ′1+β−1h ξ2)′−
(ξ′1 + β
−1
h ξ1)
′(ξ′1 + β
−1
h ξ2). This is algebra is valid only in a lose viinity the horizon.
Note that within the ontext of the pure onformal eld theory (32), one it is granted
that the eld φ obeys a onformal eld theory, the oordinate z has a range −∞ ≤ z ≤ +∞.
In order to proeed, and be able to use standard tehniques, one imposes periodi boundary
onditions on the eld, i.e., the eld is onned within a box of length L, say, with an innite
number of boxes joined smoothly together so that the range of z is still innite. One an
then onentrate in one box only of length L. The length L must have a physial meaning.
In the ontext we are working with, the only quantum length sale that appears in the
problem is the inverse Hawking temperature βh, whih an be interpreted as the assoiated
Compton thermal wavelength. As we will see this identiation will appear naturally within
this formalism. The best way to realize periodi boundary onditions here it is to ompatify
the oordinate z on a irle of irumferene L, suh that z lies in the interval −L
2
≤ z ≤ L
2
.
Then, the funtions ξ(z) an be expanded in Fourier modes as ξ(z) =
∑
an e
i 2pi
L
nz
, where
the an are omplex numbers. So, a basis for ξ an be taken as ξn = e
i 2pi
L
nz
, i.e., we are looking
at dieomorphisms with period L. Then, the onserved harges Qξ turn into onserved
harges Qn, given by
Qn =
L
2π
∫ L/2
−L/2
dz ei
2pi
L
nz T++ . (39)
These harges generate the following Poisson algebra
i {Qk, Qn} = (k − n)Qn+k + c
12
[
k3 +
(
L
2πβh
)2
k
]
δn+k,0 , (40)
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whih is a Virasoro type algebra, with
c = 12 πq4
(
D − 3
D − 2
)2
φ2h, (41)
being the entral harge.
In order to transform (40) into the usual form of the Virasoro algebra one performs a
shift from the generators Qn to generators Ln, given by
Ln = Qn +
c
24
[(
L
2πβh
)2
+ 1
]
δn,0 . (42)
The Virasoro generators Ln, whih obey an algebra with a entral harge, are prompt to be
quantized. Note rst that, near the horizon, all the funtions depend only on the oordinate
z+ = t+z, so that the periodiity properties in time t should be idential to those in z. Then,
sine the most natural sale in the problem is the imaginary time period of the Eulidean
blak hole, one should set the length sale L equal to it, L = 2π βh. Thus, Eq. (42) turns
into
Ln = Qn +
c
12
δn,0 . (43)
Seond, to quantize the generators, one swaps the Poisson brakets for quantum ommuta-
tors, through [ , ] = i~{ , }, and divides the generators by ~. Then, with the help of Eq.
(40) one nds that the onserved harge operators Ln, usually alled Virasoro operators,
satisfy the usual Virasoro algebra,
[Lk, Ln] = (k − n)Ln+k + c
12
(
k3 − k) δk+n,0 . (44)
Note that for φh = 0, the ase with no blak hole, and thus no entral harge, c = 0, this
set up gives the algebra of the onformal group on a lassial massless salar eld φ in two
dimensions, whih is known to be a onformally invariant theory.
Given that one has a Virasoro algebra for the onserved harge operators, one an now
use the Cardy formula, whih yields the number of asymptoti states of a onformal eld
theory. Its logarithm is the assoiated entropy, given by [25℄,
Sconf = 2π
√
c
6
(
L0 − c
24
)
, (45)
where L0 ≡ Ln|n=0 is now onsidered as the eigenvalue of the orresponding Virasoro oper-
ator.
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To nd L0 we rst nd Q0 through Eq. (39). Near the horizon φ ≈ φh, so in the
semi-lassial approximation, one has from (27) that T++ is given by
T++ =
1
4
(∂tφ+ ∂zφ)
2
− 1
2
(
D − 3
D − 2
)
q2φh
[
∂z(∂tφ+ ∂zφ)− 2 π
βh
(∂tφ+ ∂zφ)
]
. (46)
Then integration of T++ along the oordinate z, ompatied in a irle of irumferene
L, gives zero. Sine Q0 =
L
2pi
∫ L/2
−L/2
dz T++ , one has Q0 = 0. This is a onsequene of the
periodiity of the oordinate z and of the fat that the integration is to be performed in
the interval −L/2 < z < L/2. Indeed, rst note that ∫ L/2
−L/2
dz ∂zφ = φ|L/2−L/2 = 0, by
periodiity. One also nds
∫ L/2
−L/2
dz ∂tφ = ∂t
∫ L/2
−L/2
dz φ = 0 by periodiity. The same applies
to the ase where there are seond derivatives, or squares of rst derivatives. For the ase
where we have mixed produts, ∂tφ ∂zφ, we an see that ∂tφ ∂z φ = ∂t(φ ∂zφ) − φ ∂t∂zφ.
Using
∫ L/2
−L/2
dz φ ∂zφ =
1
2
φ2|L/2−L/2 = 0 and
∫ L/2
−L/2
dz ∂zφ ∂tφ =
1
4
∂t(φ
2)|L/2−L/2 = 0 we onlude
that the harge Q0 = 0. Then from Eq. (43) one nds that
L0 =
c
12
. (47)
Thus Solodukhin's method allows to obtain a relation between the eigenvalue L0 and the
entral harge c, but not their values independently. Sine the entral harge depends on
the unknown onformal parameter q, dened in Eqs. (22)-(23), the onformal entropy given
by the Cardy formula (45) is determined up to the parameter q. Indeed, one has
Sconf = 2 π
2q4
(
D − 3
D − 2
)2
φ2h . (48)
Comparing the gravitational entropy given in the Eq. (13), written in the form
S =
AD−2
4G
=
Σ ,kD−2 r
D−2
h
4 G
= 2π q2
(
D − 3
D − 2
)
φ2h , (49)
with the onformal entropy (48), gives that
Sconf =
[
q2
(
D − 3
D − 2
)
π
]
S . (50)
The parameter q in Eqs. (22)-(23) is a free parameter in the theory. It is a trade between
utuations in the eld φ and distane measurements through the metri γ¯ab. For small q
the utuations are large and the measurements small, yielding a large horizon entropy; for
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large q the utuations are small and the measurements large, yielding a small entropy. If
one hooses
q2 =
(
D − 2
D − 3
)
1
π
, (51)
one obtains preisely the Bekenstein-Hawking entropy.
V. CONCLUSIONS AND REMARKS
In this analysis we have shown that the method of Solodukhin [31℄ may be applied to
the more omplete set of stati blak holes within general relativity, namely, blak holes not
only with a spherial horizon, but also with toroidal and hyperboli ompat horizons. We
have shown that these additions, i.e., the introdution of dierent topologies for the horizon,
were absorbed by the eetive potential into the equations, whih eventually disappear in
the innitesimal viinity of the horizon. Thus, one obtains for the onformal entropy of
the blak hole that the Bekenstein-Hawking formula, i.e., the entropy is proportional to
the horizon area, holds for any of the topologies onsidered within this formalism. This is
another instane where the universality of the blak hole entropy onept, as formulated in
[26℄, applies.
On a more generi vein, one an remark that the horizon, through the boundary ondi-
tions imposed on it, gives a onformal harater to the osillatory dilaton eld in its viinity.
This is no surprise, sine it is known that, in general, the elds beome massless asymptot-
ially lose to the horizon (see, e.g, [48℄ for another instane of a salar eld propagation
turning into a onformal eld theory in the viinity of the horizon). What, perhaps, is
surprising is that the orresponding lassial onformal theory has a entral harge, whih
upon quantization, and through appropriate methods gives, through Cardy formula, the
blak hole entropy as found in [13, 31, 33, 34℄ and here. It is also worth noting that the
Cardy formula applies to any onformal eld theory in two dimensions, be it derived from
ondensed matter physis, quantum eld theory, or gravity theories. Explaining why very
dierent theories, that nonetheless yield the same entral harge and the same level operator
L0, have, through the Cardy formula, the same entropy, is no easy task, up to now there
being no lear physial argument for that. This is perhaps a onsequene of the fat that
the Cardy formula itself is hard to interpret [49℄, an exeption being the salar eld where
a lear physial interpretation an be provided [50℄.
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